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W∗-RIGIDITY FOR THE VON NEUMANN ALGEBRAS OF PRODUCTS OF
HYPERBOLIC GROUPS
IONUT CHIFAN, ROLANDO DE SANTIAGO, AND THOMAS SINCLAIR
Abstract. We show that if Γ = Γ1 × · · · × Γn is a product of n ≥ 2 non-elementary ICC
hyperbolic groups then any discrete group Λ which isW∗-equivalent to Γ decomposes
as a k-fold direct sum exactly when k = n. This gives a group-level strengthening of
Ozawa and Popa’s unique prime decomposition theorem by removing all assumptions
on the group Λ. This result in combination with Margulis’ normal subgroup theorem
allows us to give examples of lattices in the same Lie groupwhich do not generate stably
equivalent II1 factors.
1. Introduction
One of the most basic and intractable questions in the study of von Neumann alge-
bras asks how much algebraic information about a (discrete) group Γ can detected at
the level of the associated group von Neumann algebra L(Γ). For instance, whether the
number of generators is an isomorphism invariant among the class of free group fac-
tors remains one of the foremost open problems in the field, dating from the seminal
work ofMurray and vonNeumann. Connes’ celebrated classification of injective factors
[Co76] implies that almost no algebraic information can be recovered from L(Γ)when Γ
is amenable. Even in the non-amenable case work of Dykema [Dy93] shows that much
information is lost in general for free products of amenable groups. However, a bold
conjecture of Connes from the 1980s asserts that in the case that Γ is extremely non-
amenable (an ICC property (T) group) that the algebraic structure of Γ can essentially
be completely recovered from L(Γ), i.e., if L(Γ) is isomorphic to L(Λ) then Λ must be
isomorphic to Γ . This phenomena has been termed “W∗-superrigidity” by Sorin Popa.
The first examples of W∗-superrigid groups were discovered by Ioana, Popa, and Vaes
[IPV10] using Popa’s deformation/rigidity theory [Po06].
Groups with property (T) belong to a much broader class of “rigid” groups which
also includes direct products of non-amenable groups, irreducible lattices in higher-
rank Lie groups, as well as mapping class groups of surfaces of suitable high genus
and braid groups. Such groups have been the basis of many remarkable classification
results in the last decade in the theory of vonNeumann algebras as well as the theory of
measured equivalence relations. In this paper, we will focus on class of groups which
arise as finite direct products of ICC hyperbolic groups, where essentially the presence
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of nontrivial commutation exactly between the factor groups provides a very strong
rigidity property to exploit. This particular case of “product rigidity” has already been
used to great effect in the fundamental work of Ozawa and Popa [OP03] where such
group factors are shown to admit a unique tensor product decomposition into prime
factors. In particular this shows that if Γ = Γ1× · · ·× Γm andΛ1× · · ·×Λn are products
of ICC hyperbolic groups Γ1, . . . , Γm, Λ1, . . . , Λn then if L(Γ) ∼= L(Λ) it must be the case
thatm = n.
Building on the techniques from [OP03] and [Io11] we show in this paper that the
group von Neumann algebra L(Γ) of such a group completely remembers the product
structure of the generating group Γ ; that is, any isomorphic group von Neumann alge-
bra L(Λ) admits its unique prime decomposition at the level of the generating group
Λ with no a priori assumption of a product structure on that group. This appears to be
the strongest type of rigidity possible for the class of nontrivial products of ICC hyper-
bolic groups. The key insight into upgrading Ozawa and Popa’s result comes from an
ultraproduct-based “discretization” technique for group vonNeumann algebras which
was introduced by Adrian Ioana [Io11, Theorem 3.1]. This allows one to transfer the
existence of “large” commuting subgroups in Γ through (stable) W∗-equivalence to the
target group Λ. The argument then proceeds through a series intertwining lemmas
using (strong) solidity results from [CSU11, PV12] to show this implies the existence
of commuting, generating subgroups, after which Ozawa and Popa’s unique prime de-
composition theorem obtains.
Before stating the main result, we describe a more general class of groups for which
product rigidity holds. Recall that a countable discrete group Γ is said to belong to the
class S ofOzawa [Oz05] if there is a sequence ofmapsµn : Γ → ℓ1(Γ), where ‖µn(γ)‖ = 1
and limn ‖µn(sγt) − λsµn(γ)‖ = 0 for all γ, s, t ∈ Γ . By [PV12], Γ belongs to the class S
if and only if Γ belongs to the class QHreg of [CS11] and is exact.
We denote by Snf the class of all non-amenable, ICC groups in S.
Theorem A. Let Γ1, Γ2, . . . , Γn ∈ Snf be weakly amenable groups with Γ = Γ1 × Γ2 × · · · × Γn
and denote by M = L(Γ). Let t > 0 be a scalar and let Λ be an arbitrary group such that
Mt = L(Λ). Then one can find subgroupsΛ1, Λ2, . . . , Λn < Λ withΛ1×Λ2×· · ·×Λn = Λ,
scalars ti > 0 with t1t2 · · · tn = t, and a unitary u ∈M such that uL(Λi)u∗ = L(Γi)ti for all
1 ≤ i ≤ n.
It seems very likely that the assumption of weak amenability is unnecessary: we
show that when Γ is a product of two groups in the class Snf that this is indeed the case.
Corollary B. Let Γ1, Γ2 ∈ Snf, and denote Γ = Γ1 × Γ2. Let Λ be an arbitrary group such that
M = L(Γ) = L(Λ). Then one can find subgroups Λ1, Λ2 < Λ with Λ1 × Λ2 = Λ, a scalar
s > 0, and a unitary v ∈M such that vL(Λ1)v∗ = L(Γ1)s and vL(Λ2)v∗ = L(Γ2)1/s.
These resultsmaybe seen as the group vonNeumann algebraic analog ofMonod and
Shalom’s [MS06, Theorem 1.10] famous orbit equivalence rigidity theorem for products
of groups in the class Creg, though the relation between the two results is imperfect and
the proofs do not seem in any precise way to depend on a common framework. One
salient point of contrast is the need in [MS06] for a mild mixingness assumption on the
target action, while in the case of the above theorem the ICC condition on the target
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group (corresponding to “plain ergodicity”) suffices; however, this is likely accounted
for by the fact that in orbit equivalence one is working over a parameter space on the
group algebra. Secondly, Monod and Shalom are able to deduce honest isomorphism
of the groups while in the above theorem the identification of the product factors up
to stable isomorphism is sharp. This is because for any pair of II1 factorsM andN and
any s > 0we have canonically thatM⊗¯N ∼= M1/s⊗¯Ns; thus, using Voiculescu’s scaling
formula for free group factors [Vo90] we have that L(F2)⊗¯L(F9) ∼= L(F2)1/2⊗¯L(F9)2 ∼=
L(F5)⊗¯L(F3). Hence, for the class Snf in general one cannot hope to further deduce
(virtual) isomorphism of the factor groups.
As a consequence of these results we may apply Margulis’ Normal Subgroup The-
orem [Ma79, Z84] to deduce indecomposability of group factors of higher-rank irre-
ducible lattices over a product of group factors of groups in the class Snf.
Corollary C. If Λ is an irreducible lattice in a higher rank semisimple Lie group, then L(Λ)
is neither isomorphic to a factor L(Γ1 × Γ2) where Γ1, Γ2 are groups in the class Snf, nor is it
isomorphic to a factor of the form L(Γ1 × · · · × Γn) where each Γi ∈ Snf and is weakly amenable.
In particular if Λ = PSL2(Z[
√
2]), then L(Λ) is not isomorphic to L(F2 × F2), even
though these groups are measure equivalent in the sense of [Fu99a]. These add new
natural examples to the ones found earlier [CI11].
As a last remarkwe believe that the arguments below actually give a slightly stronger
version of Theorem A, though we will not pursue this here to avoid additional com-
plexities in the presentation. To introduce a bit of notation, we say that two finite von
Neumann algebras M and N are virtually stably isomorphic if there exist s, t > 0 and
finite index subalgebrasM ⊂Ms and N ⊂ Nt so thatM and N are ∗-isomorphic. With
this notation in hand, it should be the case that if Γ = Γ1 × · · · × Γn with all Γi weakly
amenable and belonging to the class Snf, then for any discrete group Λ, L(Λ) is virtu-
ally stably isomorphic to L(Γ) if and only if there is a finite index subgroup Λ0 < Λ
and a finite normal subgroup N⊳ Λ0 so that Λ0/N ∼= Λ1 × · · · × Λn with L(Λi) stably
isomorphic to L(Γi), for all 1 ≤ i ≤ n.
1.1. Notations. Given a von Neumann algebraMwe will denote by U (M) its unitary
group, by P(M) the set of all its nonzero projections and by I (M) the set of all its
nonzero partial isometries. Also we denote byM+ the set of all positive elements and
Mh is the set of all selfadjoint elements. All von Neumann algebras inclusions N ⊆
M are assumed unital unless otherwise specified. For any von Neumann subalgebras
P,Q ⊆Mwe denote by P ∨Q the von Neumann algebra they generate inM.
All von Neumann algebrasM considered in this article will be tracial, i.e., endowed
with a unital, faithful, normal functional τ : M → C satisfying τ(xy) = τ(yx) for all
x, y ∈M.
For a countable group Γ we denote by {uγ : γ ∈ Γ } ∈ U(ℓ2(Γ)) its left regular rep-
resentation given by uγ(δλ) = δγλ, where δλ : Γ → C is the Dirac mass at λ. The weak
operatorial closure of the linear span of {uγ : γ ∈ Γ } in B(ℓ2(Γ)) is the so called group
von Neumann algebra and will be denoted by L(Γ). L(Γ) is a II1 factor precisely when
Γ has infinite non-trivial conjugacy classes (ICC).
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Given a group Γ and a subset F ⊆ Γ we will be denoting by 〈F〉 the subgroup of Γ
generated by F.
Acknowledgements. We would like to thank Rémi Boutonnet and Adrian Ioana for
useful comments on the manuscript.
2. Preliminaries
2.1. Popa’s Intertwining Techniques. More than a decade ago S. Popa introduced in
[Po03, Theorem 2.1 and Corollary 2.3] a powerful criterion for identifying intertwin-
ers between arbitrary subalgebras of tracial von Neumann algebras, now termed Popa’s
intertwining-by-bimodules techniques.
Theorem 2.1. [Po03] Let (M,τ) be a separable tracial von Neumann algebra and let P,Q ⊆M
be (not necessarily unital) von Neumann subalgebras. Then the following are equivalent:
(1) There exist nonzero projections p ∈ P, q ∈ Q, a ∗-homomorphism θ : pPp → qQq
and a nonzero partial isometry v ∈ qMp such that θ(x)v = vx, for all x ∈ pPp.
(2) For any group G ⊂ U (P) such that G ′′ = P there is no sequence (un)n ⊂ G satisfying
‖EQ(xuny)‖2 → 0, for all x, y ∈M.
If one of the two equivalent conditions from Theorem 2.1 holds then we say that
a corner of P embeds into Q inside M, and write P M Q. If we moreover have that
Pp ′ M Q, for any nonzero projection p ′ ∈ P ′ ∩ 1PM1P, then we write P sM Q.
2.2. Finite Index Inclusions of von Neumann Algebras. If P ⊆M are II1 factors, then
the Jones index of the inclusion P ⊆ M, denoted [M : P], is the dimension of L2(M) as
a left P-module. For various basic properties of finite index inclusions of factors we
refer the reader to the groundbreakingwork of V.F.R. Jones, [Jo81]. Subsequently, there
were several generalizations of the finite index notion for an inclusion of arbitrary von
Neumann algebras. For instance, M. Pimsner and S. Popa discovered a “probabilistic”
notion of index for an inclusion P ⊆ M of arbitrary von Neumann algebras with con-
ditional expectation, which the case of inclusions of II1 factors coincides with Jones’
index, [PP86, Theorem 2.2].
Definition 2.2. [PP86] For an inclusion P ⊆M of tracial von Neumann algebras define
λ = inf {‖EP(x)‖22‖x‖−22 : x ∈M+, x 6= 0}.
The probabilistic index of P ⊆ M is defined as [M : P]PP = λ−1, with the convention
1
0 =∞.
For further use we collect together some basic results from [Jo81, PP86].
Theorem 2.3. [Jo81, PP86] Let P ⊆M be an inclusion of tracial von Neumann algebras. Then
the following hold:
(1) If P ⊆M are II1 factors then [M : P]PP = [M : P];
(2) If [M : P]PP <∞ and p ∈ P is a projection then [pMp : pPp]PP <∞;
(3) If P is II1 factor and [M : P]PP <∞ then P ′ ∩M is finite dimensional;
(4) If P ⊆M andQ ⊆ R are II1 factors then [M : P][R : Q] = [M⊗¯R : P⊗¯Q];
(5) If P ⊆M are II1 factors with [M : P] <∞ then there exists a finite Pimsner-Popa basis
for the inclusion P ⊆M.
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(6) If P ⊆M are II1 factors then dimC(P ′ ∩M) ≤ [M : P].
In the remaining part of the section we prove several technical results which will be
used in the sequel. Some of them are probably well-known, but as we are unable to
find the proofs in the literature, we will include them for the reader’s convenience.
Lemma 2.4. Let (M,τ) be a finite von Neumann algebra together with a projection e ∈ M
and a subset S ⊆ U (M). Given ε > 0, there exists η > 0 so that if there exists a function
φ : S→ R+ satisfying the following properties:
(1) τ(exex∗) ≤ η+ φ(x), for all x ∈ S;
(2) for every δ > 0 and every finite set F ⊂ S there exists u ∈ S such that φ(u∗y) ≤ δ for
all y ∈ F.
then τ(e) ≤ ε.
The following concise proof, which also produces a much better effective constant η
than we had originally obtained, was shown to us by Rémi Boutonnet.
Proof. Fix ε > 0, and let η = ε2/2. Using property (2) inductively for k ∈ N arbitrary we
can find elements σ1, σ2, . . . , σk ⊂ S so that that if ei = σieσi∗ then
(2.1) τ(eiej) ≤ 2η
for all i 6= j.
It thus follows from the Cauchy-Schwartz inequality that
(2.2) (kτ(e))2 =
(
τ(
∑
i
ei)
)2
≤
∑
i.j
τ(eiej) = kτ(e) + 2k
2η
Setting X = kτ, one has the quadratic inequality X2 ≤ X+ 2k2η, solving which leads to
(2.3) τ(e) ≤ 1 +
√
1+ 8k2η
4k
.
As kwas arbitrary this shows that τ(e) ≤ √2η = ε.

Corollary 2.5. Let (M,τ) be a finite von Neumann algebra together with a projection e ∈ M
and a subset S ⊆ U (M). Assume for every ε > 0 there exists a function φε : S → R+
satisfying the following properties:
(1) τ(exex∗) ≤ ε +φε(x), for all x ∈ S;
(2) for every δ > 0 and every finite set F ⊂ S there exists u ∈ S such that φε(u∗y) ≤ δ for
all y ∈ F.
Then e = 0.
Proof. Applying the previous lemma, for every ε > 0we have τ(e) ≤ ε; thus e = 0. 
From part (2) in Theorem 2.3 finiteness of the index of an inclusion of algebras is
preserved under taking corners. Next we establish the converse for certain inclusions
of group von Neumann algebras.
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Proposition 2.6. LetΩ 6 Λ 6 Θ be groups. If there are p ∈ P(L(Ω)), z ∈ P(L(Λ) ′∩L(Θ))
so that pz 6= 0 and pL(Ω)pz ⊆ pL(Λ)pz admits a finite Pimsner-Popa basis then [Λ : Ω] <∞.
Proof. Let e ∈ Z (L(Ω)) be the support projection of EL(Ω)(z) and notice z ≤ e. For
t > 0 denote by et = 1(t,∞)(e) ∈ Z (L(Ω)) and notice et SOT -converges to e, as t → 0.
By assumption there exist elementsm ′1,m
′
2, . . . ,m
′
s ∈ pL(Λ)pz such that for every x ∈
pL(Λ)pz we have x =
∑
i EpL(Ω)pz(xm
′∗
i )m
′
i . If we denote by mi = etm
′
iet, this further
implies that for every x ∈ petL(Λ)petzwe have
(2.4) x =
∑
i
EpetL(Ω)petz(xm
∗
i )mi.
Notice that EL(Ω)petz(petzypetz) = pEL(Ω)(yz)pEL(Ω)(etz)
−1etz for all y ∈ L(Λ), where
EL(Ω)(etz)
−1 is the inverse of EL(Ω)(etz) under et. Therefore ‖EL(Ω)petz(petzypetz)‖2 ≤
t−1‖EL(Ω)(yz)‖2, for all y ∈ L(Λ). This together with (2.4) and basic approximations of
mi’s further imply that for every ε > 0 one can find a constant cε > 0 and a finite subset
Lε ⊂ Λ such that for every x ∈ L(Λ)we have
τ((petz)x(petz)x
∗) ≤ ε+ cε
∑
s∈Lε
‖EL(Ω)(xus)‖22.(2.5)
Setting S = Ω and φε(x) = cε
∑
s∈Lε
‖EL(Ω)(xus)‖22 we see (2.5) shows that property (1)
in Corollary 2.5 is satisfied.
To finish, assume by contradiction [Λ : Ω] = ∞. Since we have infinitely many
representatives of left cosets of Ω in Λ then for every finite subset F ⊂ Ω there exists
λ ∈ Λ such that EL(Ω)(u∗λuσ) = 0, for all σ ∈ F. This further showsφε also satisfies (2) in
Corollary 2.5 and hence petz = 0. Since this holds for every t > 0 and et SOT -converges
to e ≥ zwe get pz = 0, which is a contradiction. Hence [Λ : Ω] <∞. 
Corollary 2.7. For every infinite group Λ and every p ∈ P(L(Λ)) the von Neumann algebra
pL(Λ)p is diffuse.
Proof. Assuming otherwise, there exists a projection 0 6= q ∈ Z (L(Λ)) so that L(Λ)q =
Cq. By Proposition 2.6 this further implies Λ is a finite, contradicting the hypothesis.

3. The Transfer of the Commutation Relation throughW∗-Equivalence
In this sectionweprove the first crucial step towardsTheoremB, that any group in the
W∗-equivalence class of a product of groups in Snf must itself contain two commuting
non-amenable subgroups. In order to do so, wemake use of a powerful “discretization”
technique for group von Neumann algebras introduced by A. Ioana in [Io11]. Since we
follow an approach very similar to [Io11, Theorem 3.1], we include a proof addressing
only the novel points. To be able to state the result properly we need to recall some
previous results and introduce notation.
Theorem 3.1. [CS11, Theorem3.2]Assume Γ is an exact non-amenable group together with G
a family of subgroups for which there exits a weakly-ℓ2 representation π such that RA(Γ,G, π) 6=
∅ (equivalently, Γ is bi-exact with respect to the family G in the sense of [BO08, Definition
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15.1.2]). Let Γ y B be a trace preserving action on a finite amenable von Neumann algebra
and denote byM = B⋊ Γ the corresponding crossed product von Neumann algebra. For every
projection p ∈M and every weakly compact embeddingQ ⊆ pMpwe have eitherQ M B⋊Σ,
for some Σ ∈ G or NpMp(Q) ′′ is amenable.
Notation 3.2. Given Γ = Γ1 × Γ2 × · · · × Γn, for every subset F ⊆ {1, . . . , n} we denote by
ΓF the subgroup of in Γ consisting of elements whose i-th components are trivial, for all
i ∈ {1, 2, ..., n} \ F. We denote by Γ^F = Γ{1,2,...,n}\F and for brevity Γ^j = Γ{1,2,...,n}\{j} . Notice
that ^^ΓF = ΓF.
In the spirit of [Io11, Theorem 3.1] we prove the following theorem
Theorem 3.3. For n ≥ 2 let Γ1, Γ2, . . . , Γn ∈ Snf with Γ = Γ1 × Γ2 × · · · × Γn and denote by
M = L(Γ). If t > 0 andΛ is an arbitrary group such that L(Λ) = Mt then for every non-empty
family G of subgroups of Λ there exists 1 ≤ ℓ ≤ n such that, either:
(1) L(Γ^ℓ)
t Mt L(Σ) for some Σ ∈ G, or
(2) L(Γℓ)
t Mt L(∪sΩs) where Ωs = CΛ(Σs) and Σs 6 Λ is a descending sequence of
subgroups such that Σs /∈ G, for all s.
Proof. Denote by {uγ}γ∈Γ , {vλ}λ∈Λ the respective canonical Γ,Λ group unitaries gener-
ating M. Define △ : Mt → Mt⊗¯Mt by vλ 7→ vλ ⊗ vλ and extend linearly. △ is
clearly a ∗-homomorphism and△(Mt) ⊂Mt⊗¯Mt. Now we may also viewMt⊗¯Mt =
L(Γ)t⊗¯L(Γ)t. Let k > t be an integer and let p ∈ Mk be a projection of trace s = tk−1.
Since Γ is a product of Γl and Γ^l we can write L(Λ) = Mt = (Mk)s = L(Γ^l)k⊗¯L(Γl)s, for
every 1 ≤ l ≤ n. Thus we have
△(L(Γl)s),△(L(Γ^l)k) ⊂ △(L(Γ^l)k⊗¯L(Γl)s) ⊂ L(Γ)k⊗¯L(Γ)k.
By [BO08, Lemma 15.3.3], Γ × Γ is bi-exact relative to the family
H = {Γ × Γ^i, Γ^j × Γ : 1 ≤ i, j ≤ n}.
Hence, by [BO08, Theorem 15.1.5]1 we have that △(L(Γ^1)t) Mk⊗¯Mk Mk⊗¯L(Γ^i)k or
△(L(Γ^1)t) Mk⊗¯Mk L(Γ^i)k⊗¯Mk for some 1 ≤ i ≤ n. By consideration of symmetry
we will only treat the case△(L(Γ^1)t) Mk⊗¯Mk Mk⊗¯L(Γ^i)k, where 1 ≤ i ≤ n is fixed for
the rest of the proof.
By Popa’s intertwining techniques, there exists F ⊂Mk, finite, and c ′ > 0 so that
∑
x∈F
‖EMk⊗¯L(Γ^i)k(△(y) · (1⊗ x))‖22 ≥ c ′, for all y ∈ U (L(Γ^1)t),
where ‖·‖2 is induced by the trace τ onMk⊗¯Mk. Writingy ∈ L(Γ^1)t ⊂Mt asy =
∑
yλvλ
and using the previews equation we see that letting c = τ(p)c ′ we have
∑
x∈F
∑
λ∈Λ
|yλ|
2‖EL(Γ^i)k(vλx)‖22 ≥c, for all y ∈ U (L(Γ^1)t).(3.1)
1See also themain results in the seminal papers [Oz03, Oz05] where these techniqueswhere introduced
or the more recent developments [CS11, Theorem 3.2] and [BC14, Theorem 3.3].
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Now let G = {Σj 6 Λ : j ∈ J} be an arbitrary family of subgroups of Λ. We say that
S ⊂ Λ is small relative to G if there exist finite subsets K, L ⊂ Λ, G0 ⊂ G so that S ⊂
KG0L. Assume that for all Σ ∈ G we have that L(Γ^1)t 6Mt L(Σ). By Popa’s intertwining
technique it follows that for all ε > 0 and for each S ⊂ Λ small relative to G, there is a
y ∈ U (L(Γ^1)t) so that
∑
λ∈S |yλ|
2 < ε. Then, indexing over all sets S small relative to G
it follows that for any y ∈ U (L(Γ^1)t):
sup
Λ\S
‖EL(Γ^i)k(vλx)‖22 ≥

∑
λ∈Λ\S
|yλ|
2‖EL(Γ^i)k(vλx)‖22



∑
λ∈Λ\S
|yλ|
2


−1
,(3.2)
whence
∑
x∈F
∑
λ∈Λ\S
|yλ|
2‖EL(Γ^i)k(vλx)‖
2
2 ≥
∑
x∈F
[∑
λ∈Λ
|yλ|
2‖EL(Γ^i)k(vλx)‖
2
2 −
∑
λ∈S
|yλ|
2‖EL(Γ^i)k(vλx)‖
2
2
]
≥c − |F|max
x∈F
‖x‖22
∑
x∈S
|yλ|
2.
Choosing ε > 0 sufficiently small and choosing y ∈ U (L(Γ^1)k) so that
∑
λ∈Λ\S |yλ|
2 < ε
we see
∑
x∈F
∑
λ∈Λ\S
|yλ|
2‖EL(Γ^i)k(vλx)‖22 ≥ c− |F|maxx∈F ‖x‖
2
2ε > 2
−1c > 0.
Using this together with (3.2) we see that for every S small with respect to Gwe have
sup
λ∈Λ\S
∑
x∈F
‖EL(Γ^i)k(vλx)‖
2
2 ≥ 2−1(1 − ε)−1c > 2−1c.(3.3)
Let I be the directed set of all S ⊂ Λ so that S is small with respect to G and fix ω a
cofinal ultrafilter on I. Letting Θ = Λ ∩ θΛθ−1 for some θ ∈ ∏S∈ωΛ \ S, assume by
contradictionL(Γi)t 6Mt L(Θ). This implies L(Γi)s 6Mt L(Θ) and by Popa’s intertwining
techniques, there exists a sequence {yn} ⊂ U (L(Γi)s) so that
‖EL(Θ)(xyny)‖2 → 0(3.4)
as n→∞ for all x, y ∈Mt; here ‖·‖2 is induced by the trace onMt. LetK ⊂ L2((Mk)ω)
be the closed span of {MkpvθpMk} and PK : L2((Mk)ω)→ K be the orthogonal projec-
tion onto K. Proceeding as in the proof of [Io11, Theorem 3.1], equation (3.4) implies
〈ynξy∗n, η〉→ 0 for all ξ, η ∈ K. Also relation (3.3) shows that
∑
x∈F ‖E(L(Γ^i)k)ω(vθx)‖2 ≥
c/2. Take x ∈ F so that x ′ = E(L(Γ^i)k)ω(vθx) 6= 0 and ξ0 = PK(x ′). Then ‖vθx − x ′‖2 <
‖vθx‖2 = ‖x‖2 which in turn gives ‖vθx − ξ0‖2 < ‖vθx‖2, showing ξ0 6= 0. Since
[L(Γi)
s, L(Γ^i)
k] = 1, we have ‖ξ0‖2 = 〈yny∗nξ0, ξ0〉 = 〈ynξ0y∗n, ξ0〉 → 0, contradicting
ξ0 6= 0. Thus L(Γi)t Mt L(Θ). Proceeding as in the proof of [Io11, Theorem 3.1] there
exists a descending sequence of subgroups Σs 6 Λ such that Σs /∈ G and Θ = ∪sΩs,
whereΩs = CΛ(Σs) and the conclusion and part (4.23) then follows. 
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Corollary 3.4. Let Γ1, Γ2, . . . , Γn ∈ S with Γ = Γ1 × Γ2 × · · · × Γn and denote by M = LΓ .
Let t > 0 be a scalar and let Λ be an arbitrary group such that Mt = LΛ. There exists a non-
amenable subgroup Σ < Λ with non-amenable centralizer CΛ(Σ) < Λ and 1 ≤ ℓ ≤ n such
that L(Γ^ℓ)
t Mt L(Σ).
Proof. From the assumptions it follows that Λ is a non-amenable, ICC group. Let G be
the collection of all subgroups Σ 6 Λ with non-amenable centralizer CΛ(Σ) and notice
it is non-empty ({1} ∈ G). Applying Theorem 3.3 for G there exists 1 ≤ ℓ ≤ n such that
either: a) L(Γ^ℓ)
t M L(Σ) for some Σ ∈ G; or b) there exists a descending sequence of
subgroups Σs 6 Λ such that Σs /∈ G and L(Γℓ) M L(∪sΩs), whereΩs = CΛ(Σs).
Assume b) holds. Since {Σs} is a descending sequence of groups not belonging to G
then {Ωs} is an ascending sequence of amenable groups yielding that ∪sΩs is amenable;
thus, L(∪sΩs) is an amenable von Neumann algebra. By hypothesis L(Γk) is a non-
amenable factor, so we must have L(Γℓ) Mt L(∪sΩs), contradicting our assumption.
Hence we must have a). Moreover, since L(Γ^ℓ) is a factor, whence has no amenable
direct summand, Σ is a non-amenable group, giving the desired conclusion. 
4. Proofs of the Main Results
In this sectionweuse intertwining and solidity techniques to upgrade the existenceof
commuting nonamenable subgroups of the target groupΛ to an honest direct product
decomposition of Λ. The bulk of the work goes into the proof of Theorem 4.3 which
establishes the existence of a virtual product decomposition for Λ. Before precisely
stating this result, we begin with two preliminary solidity-type results on commuting
subalgebras in group factors of products of groups in the class Snf.
Lemma 4.1. For n ≥ 2 let Γ1, Γ2, . . . , Γn ∈ Snf with Γ = Γ1 × Γ2 × · · · × Γn and denote by
M = L(Γ). Let t > 0 be a scalar and let Q,A ⊂Mt be commuting subalgebras such that A is
diffuse abelian and Q = T1 ∨ T2 ∨ · · · ∨ Tn−1, where Ti ⊂ Mt are commuting, non-amenable
II1 subfactors. ThenQ∨A Mk L(Γ^s)
k for all integers 1 ≤ s ≤ n and k ≥ t.
Proof. Assume by contradiction Q ∨ A Mk L(Γ^s)k, for some 1 ≤ s ≤ n and k ≥ t.
Then there must exist a projection p ∈ P(Q ∨ A), a scalar k ≥ t1 > 0, and a unital
injective ∗-homomorphism φ : p(Q ∨ A)p → L(Γ^s)t1 . Since Q is a II1 factor we have
Z (Q ∨ A) = A and denote by EA : Q ∨ A → A the central trace. Since 0 6= EA(p)
there exist µ > 0 and a projection 0 6= e ∈ A so that EA(pe) ≥ µe. Moreover, since T1
is a II1 factor there exists a projection r ∈ T1 ⊆ Q so that τQ(r) = µ and EA(re) = µe.
Thus EA(pe) ≥ EA(re) and since EA is a central trace there existsw ∈ I (Q∨A) so that
pe ≥ w∗w and ww∗ = re. Letting u ∈ U (Q ∨ A) with w = reu one can check that
φ ′ = φ ◦ ad(u∗) : re(Q ∨ A)re → L(Γ^s)t1 is an injective ∗-homomorphism; moreover,
cutting L(Γ^s)t1 by a projectionwe can assumeφ ′ is unital. By constructionA1 = φ ′(Are)
is diffuse abelian, and T 1i = φ
′(reTire) ⊂ L(Γ^s)t1 are commuting, non-amenable II1
subfactors. MoreoverA1,Q0 = T 11∨· · ·∨T 1n−1 ⊆ L(Γ^s)t1 are commuting subalgebras. By
[CSU11, Theorem 6.1], one can find s1 ∈ {1, ..., n} \ {s} so thatQ1∨A1 L(Γ^s)k L(Γ^{s,s1})k,
whereQ1 = T 11 ∨ · · ·∨ T 1n−2. Applying the previous argument n− 2 times one can find
1 ≤ sn−1 ≤ n, k ≥ tn−1 > 0, and commuting subalgebras An−1,Qn−2 ⊂ L(Γsn−1)tn−1
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with An−1 diffuse abelian andQn−2 non-amenable II1 factor. This however contradicts
solidity of L(Γsn−1). 
Lemma 4.2. Let Γ1, Γ2, . . . , Γn ∈ Snf with Γ = Γ1 × Γ2 × · · · × Γn and denote byM = L(Γ).
If t > 0 is a scalar andQ,A ⊂Mt are commuting subalgebras such that A is diffuse amenable
then [Mt : A∨Q]PP =∞.
Proof. Assume by contradiction [Mt : A ∨Q]PP < ∞. Thus Q is non-amenable and by
[CSU11, Theorem 6.1] there exist a subset F1 ⊂ {1, ..., n}with |F1 | = n−1 and an integer
t ≤ k such that A Mk L(ΓF1)k. Using [CKP14, Proposition 2.4] one can find k ≥ t1 > 0
and diffuse amenable subalgebra A1 ⊂ L(ΓF1)t1 so that [L(ΓF1)t1 : A1 ∨ Q1]PP < ∞
where Q1 = A ′1 ∩ L(ΓF1)t1 . Also note that Q1 is non-amenable. Applying the same
argument recursively, after n − 1 steps one can find Fn−1 ⊂ {1, ..., n} with |Fn−1 | = 1,
tn−1 > 0, and diffuse amenable subalgebra An−1 ⊂ L(ΓFn−1)tn−1 so that [L(ΓFn−1)tn−1 :
An−1∨Qn−1]PP <∞, whereQn−1 = A ′n−1∩L(ΓFn−1)tn−1 . Since L(ΓFn−1) is solid andAn−1
is diffuse it follws Qn−1 is amenable. Hence An−1 ∨ Qn−1 is amenable and by [PP86,
Lemma 2.3] and [OP07, Proposition 2.4] we conclude that L(ΓFn−1)
tn−1 is amenable. By
factoriality this further implies that ΓFn−1 is amenable which is a contradiction. 
Theorem 4.3. Let Γ1, Γ2, . . . , Γn ∈ Snf be weakly amenable with Γ = Γ1 × Γ2 × · · · × Γn
and denote by M = L(Γ). Let t > 0 be a scalar and let Λ be an arbitrary group such that
Mt = L(Λ). Then there exist commuting, non-amenable, ICC subgroups Σ1, Σ2 < Λ such that
[Λ : Σ1Σ2] <∞.
Proof. The proof is quite technically involved, so it will be divided into a series of claims.
Throughout proof we will be denoting by {uλ}λ∈Λ the canonical group unitaries imple-
menting L(Λ) = Mt. For simplicity, denote by P = L(Γ^n)
t
, N = L(Γn), and notice
Mt = P⊗¯N. Using Corollary 3.4 there exists non-amenable subgroup Σ < Λ with
non-amenable centralizer CΛ(Σ) such that P Mt L(Σ). Thus, there exist p ∈ P(P),
q ∈ P(L(Σ)), v ∈ I (Mt), and an injective ∗-homomorphismφ : pPp→ qL(Σ)q so that
(4.1) φ(x)v = vx for all x ∈ pPp.
For ease of notation letQ = φ(pPp).
Claim 4.4. Without loss of generality we may assume thatQ ⊂ qL(Σ)q is a finite index
inclusion of II1 factors.
Proof of Claim 4.4. By [CKP14, Proposition 2.4] we can assume that [qL(Σ)q : Q∨ (Q ′ ∩
qL(Σ)q)]PP <∞.
We first show that Q ′ ∩ qL(Σ)q is purely atomic. Assume by contradiction there
exists a diffuse corner r(Q ′ ∩qL(Σ)q)r. Hence there exists a diffuse, abelian subalgebra
A ⊆ r(Q ′ ∩qL(Σ)q)r. However, since CΛ(Σ) is non-amenable and L(CΛ(Σ)) commutes
with Q ∨ A, then [CSU11, Theorem 6.1] implies Q ∨ A Mk L(Γ^s)k, for some integers
1 ≤ s ≤ n and k ≥ t, contradicting Lemma 4.1.
As a consequence we note that multiplying q above by a nonzero minimal, central
projection q ′ of Q ′ ∩ qL(Σ)q we assume w.l.o.g. that [qL(Σ)q : Q]PP < ∞. Moreover,
letting 0 6= q ′v instead of v above, one can check that all previous equations still hold,
including (4.1). Since Q is a II1 factor and [qL(Σ)q : Q]PP <∞, Theorem 2.3 (3) implies
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thatQ ′ ∩qL(Σ)q is finite dimensional. Since Z (qL(Σ)q) ⊆ Q ′ ∩qL(Σ)q, Z (qL(Σ)q) is
finite dimensional as well. Thus, multiplying v above by a minimal, central projection
of Z (qL(Σ)q) and using Theorem 2.3 (1) the claim obtains. 
Claim 4.5. There is a projection f ∈ P(L(Σ) ′ ∩Mt) such that
f(L(Σ)∨ (L(Σ) ′ ∩Mt))f ⊆ fMtf
is a finite Jones index inclusion of II1 factors.
Performing the downward basic construction [Jo81, Lemma 3.1.8], there exists a pro-
jection e ∈ P(qL(Σ)q) and a II1 subfactor R ⊆ Q ⊆ qL(Σ)q = 〈Q, e〉 such that
[Q : R] = [qL(Σ)q : Q] and Re = eL(Σ)e. Keeping with the same notation, by re-
lation (4.1) the restriction φ−1 : R → pPp is an injective ∗-homomorphism such that
T = φ−1(R) ⊆ pPp is a finite Jones index subfactor and
(4.2) φ−1(y)v∗ = v∗y, for all y ∈ R.
Let θ ′ : Re → R be the ∗-isomorphism given by θ(xe) = x. Letting w∗ = v∗e, then
Re = eL(Σ)e together with (4.2) shows that θ = φ−1 ◦ θ ′ : eL(Σ)e → pPp is an injective
∗-homomorphism satisfying θ(eL(Σ)e) = T and
(4.3) θ(y)w∗ = w∗y, for all y ∈ eL(Σ)e.
Notice thatw∗w ∈ (T ′ ∩ pPp)⊗¯N and proceeding as in the proof of [OP03, Proposition
12] one can further assume that w∗w ∈ Z (T ′ ∩ pPp)⊗¯N. Since [pPp : T ] < ∞ then
T ′∩pPp is finite dimensional and so isZ (T ′∩pPp). Thus, replacing the partial isometry
w by wr0 6= 0, for some minimal projection r0 ∈ Z (T ′ ∩ pPp), we see that all relations
above still hold including relation (4.3). Moreover, we can assume that w∗w = z1 ⊗ z2,
for some nonzero projections z1 ∈ Z (T ′ ∩ pPp) and z2 ∈ N. Using relation (4.3) we get
(4.4) w∗L(Σ)w = θ(eL(Σ)e)w∗w = Tz1 ⊗ z2.
Since T ⊆ pPp is finite index inclusion of II1 factors then by the local index formula
[Jo81] it follows Tz1 ⊆ z1Pz1 is a finite index inclusion of II1 factors as well. Also, we
have
(4.5) (w∗L(Σ)w) ′ ∩ (z1 ⊗ z2)Mt(z1 ⊗ z2) = ((Tz1) ′ ∩ z1Pz1)⊗¯z2Nz2.
Altogether, the previous relations imply that
Tz1⊗¯z2Nz2 ⊆ Tz1 ∨ (Tz ′1 ∩ z1Pz1)⊗¯z2Nz2
= w∗L(Σ)w ∨w∗(L(Σ) ′ ∩Mt)w
= w∗L(Σ)w ∨
(
(w∗L(Σ)w) ′ ∩ (z1 ⊗ z2)Mt(z1 ⊗ z2)
)
⊆ z1Pz1⊗¯z2Nz2.
(4.6)
Since Tz1 ⊆ z1Pz1 if a finite index inclusion of II1 factors then by Theorem 2.3 (4) so is
Tz1⊗¯z2Nz2 ⊆ z1Pz1⊗¯z2Nz2. Letting f = ww∗ and u ∈ U (Mt) be a unitary such that
w∗ = uww∗ = uf, relation (4.6) further implies that f(L(Σ)∨ (L(Σ) ′ ∩Mt))f = L(Σ)f∨
f(L(Σ) ′∩Mt)f ⊆ fMtf is an inclusion of finite Pimsner-Popa index. Moreover (4.6) and
12 I. CHIFAN, R. DE SANTIAGO, AND T. SINCLAIR
Theorem 2.3 (6) further imply that dimC(Z (f(L(Σ)∨(L(Σ) ′∩Mt))f)) ≤ [z1Pz1⊗¯z2Nz2 :
Tz1⊗¯z2Nz2] <∞. Thus shrinking f if necessary, we can assume that
(4.7) f(L(Σ)∨ (L(Σ) ′ ∩Mt))f ⊆ fMtf
is a finite index inclusion of II1 factors. 
For the remainder of the proof it will be convenient to introduce a notation.
Notation 4.6. Denote by Ω = {λ ∈ Λ : |OΣ(λ)| < ∞} and notice it is a subgroup of Λ
normalized by Σ. Let {Oi : i ∈ N} be a (countable) enumeration of all the finite orbits
of action by conjugation of Σ on Λ and notice Ω = ∪iOi. Let Ik ⊂ N be an ascending
sequence of finite sets such that ∪kIk = N. Note that Ωk := 〈∪i∈IkOi〉 is an ascending
sequence of subgroups ofΩ normalized by Σ such that ∪kΩk = Ω.
Next, we show the following:
Claim 4.7. [Λ : ΩΣ] <∞.
Proof of Claim 4.7. By construction we have L(Σ) ′ ∩Mt ⊆ L(Ω) and hence f(L(Σ) ∨
(L(Σ) ′ ∩ Mt))f ⊆ fL(ΩΣ)f. Proceeding as in the proof of (4.7), shrinking f more if
necessary, we obtain that fL(ΩΣ)f ⊆ fMtf = fL(Λ)f is a finite index inclusion of II1
factors. By Theorem 2.3 (5) it follows that the inclusion fL(ΩΣ)f ⊆ fMtf = fL(Λ)f has
a finite Pimsner-Popa basis and hence the claim follows from Proposition 2.6. 
Claim 4.8. Σ ∩Ω is finite.
Proof of Claim 4.8. LetO ′i = Oi∩Σ and notice Σ∩Ω = ∪iO ′i . For each k let Rk = 〈∪i∈IkO ′i〉
and notice it forms an ascending sequence of normal subgroups of Σ such that ∪kRk =
Σ ∩Ω and [Σ : Σk] <∞, where Σk = CΣ(Rk). Since Rk ∩ Σk is abelian and [Σ : Σk] <∞
it follows that Rk is virtually abelian; thus, Σ ∩Ω is a normal amenable subgroup of Σ.
From Claim 4.4we have obtained thatQ ⊆ qL(Σ)q is a finite index inclusion of non-
amenable II1 factors. Denoting by z = z(q), the central support of q in L(Σ), we see
that L(Σ)z is a non-amenable II1 factor. Moreover there exists a scalar s > 0 such that
(qL(Σ)q)s = L(Σ)z. By above Qs ⊆ (qL(Σ)q)s = L(Σ)z is a finite index inclusion of
non-amenable II1 factors. Perform the basic construction Qs ⊆ L(Σ)z ⊆ 〈L(Σ)z, eQs〉
and notice that 〈L(Σ)z, eQs〉 = Qµ where µ = s[qL(Σ)q : Q]2.
Finally we show Σ ∩Ω is finite. Notice the normalizer NL(Σ)z(L(Σ ∩Ω)z)) ′′ = L(Σ)z
has finite index in Qµ. From (4.1) we have Qµ = Nt1/k where N = L(Γ^n)⊗¯Mk(C) with
t1 = τ(p)µ and t1 ≤ k ∈ N. Thus we can write Qµ = Nr whereN = L(Γ^n)⊗¯Mk(C), for
some k ∈ N and 0 < r < 1. L(Σ)z is a factor and Γs ∈ Snf, for all 1 ≤ s ≤ n − 1 then
[PV12, Theorem1.6] implies that L(Σ∩Ω)z sN L(Γ^{n,s})⊗¯Mk(C), for every 1 ≤ s ≤ n−1.
Thus using [Va10, Lemma 2.5] in the terminology therein we have (L(Σ∩Ω)z)1 ⊂approx
L(Γ^{n,s})⊗¯Mk(C) for each 1 ≤ s ≤ n − 1. Then by [Va10, Lemma 2.7] we further have
that (L(Σ∩Ω)z)1 ⊂approx Mk(C) and hence a corner of L(Σ∩Ω)z is purely atomic. This
together with Proposition 2.6 implies that Σ ∩Ω is finite. 
Claim 4.9. There exists ℓ such thatΩ ⊆ {λ ∈ Λ : |OΣ(λ)| ≤ ℓ}.
Proof of the Claim 4.9. By (4.7) one can find a finite Pimsner-Popa basism1,m2, . . . ,ms ∈
fMtf such that for every x ∈ fMtf we have x = ∑i Ef(L(Σ)∨L(Σ) ′∩Mt)f(xm∗i )mi. Thus
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for all x ∈ fMtf we have ‖x‖22,f =
∑
i ‖Ef(L(Σ)∨L(Σ) ′∩Mt)f(xm∗i )‖22,f and hence for all x ∈
fL(ΩΣ)f we have ‖x‖22,f =
∑
i ‖Ef(L(Σ)∨L(Σ) ′∩Mt)f(xn∗i )‖22,f, where ni = EfL(ΩΣ)f(mi).
Together with basic approximations of ni’s, this show that for every ε > 0 there exist
cε > 0 and a finite subset Lε ⊂ Ω such that for each x ∈ fL(ΩΣ)f we have
τ(f)−1τ(fxfx∗) = ‖x‖22,f ≤ ε + cετ(f)−1
∑
s∈Lε
‖EL(Σ)∨L(Σ) ′∩Mt(xus)‖22.(4.8)
Observe that for every x ∈ L(Ω) we have EL(Σ)∨L(Σ) ′∩Mt(x) = EL(Σ∩Ω)∨L(Σ) ′∩Mt(x), not-
ing that for every x ∈ L(Ω), a ∈ L(Σ), b ∈ L(Σ) ′ ∩Mt we have
τ(EL(Σ)∨L(Σ) ′∩Mt(x)ab) = τ(xab) = τ(aEL(Σ)(bx))
= τ(aEL(Σ∩Ω)(bx)) = τ(bxEL(Σ∩Ω)(a)) = τ(bxEL(Σ∩Ω)∨L(Σ) ′∩Mt ◦ EL(Σ∩Ω)(a))
= τ(bxEL(Σ∩Ω)∨L(Σ) ′∩Mt ◦ EL(Ω)(a)) = τ(bxEL(Σ∩Ω)∨L(Σ) ′∩Mt(a))
= τ(xEL(Σ∩Ω)∨LΣ ′∩M(ab)) = τ(EL(Σ∩Ω)∨L(Σ) ′∩Mt(x)ab)
(4.9)
This formula together with (4.8) gives that for every ε > 0 there exist cε > 0 and a finite
subset Lε ⊂ Ω such that for all x ∈ L(Ω)we have
τ(fxfx∗) ≤ ε + cε
∑
s∈Lε
‖EL(Σ∩Ω)∨(L(Σ) ′∩Mt)(xus)‖22.(4.10)
By Claim 4.8, the group Σ ∩ Ω is finite and hence L(Σ ∩Ω) ∨ (L(Σ) ′ ∩Mt) admits
a finite Pimsner-Popa basis over L(Σ) ′ ∩Mt. Approximating the elements in this basis
together with (4.10) show that for every ε > 0 there exist dε > 0 and a finite subset
Rε ⊂ Ω such that for every x ∈ L(Ω)we have
τ(fxfx∗) ≤ ε + dε
∑
s∈Rε
‖EL(Σ) ′∩Mt(xus)‖22.(4.11)
Setting up S = Ω andφε(x) = dε
∑
s∈Lε
‖EL(Σ) ′∩Mt(xus)‖22, we see (4.11) shows that part
(1) in Corollary 2.5 is satisfied.
We will now show that if there are elements inΩwhose orbits under conjugation by
Σ have arbitrarily large size, this would imply that φε satisfies part (2) in Corollary 2.5
as well; hence, we would have that f = 0, a contradiction.
To this endfix δ > 0 and afinite subset F ⊂ Ω. For everyσ ∈ ΩwehaveEL(Σ) ′∩Mt(uσ) =
|OΣ(σ)|
−1
∑
λ∈OΣ(σ)
uλ. Since for all t, v ∈ Ω we have |OΣ(vt)| ≤ |OΣ(v)||OΣ(t)|, the set
FRε is finite, and there exist elements in Ω whose orbits under conjugation by Σ have
arbitrarily large size, then one can find σ ∈ Ω such that |OΣ(σ−1µs)| ≥ δ−1dε|Rε|, for all
µ ∈ F, s ∈ Rε. Thus for every µ ∈ Fwe have
φε(u
∗
σuµ) = dε
∑
s∈Rε
‖EL(Σ) ′∩Mt(uσ−1µs)‖22 = dε
∑
s∈Rε
|OΣ(σ
−1µs)|−1 ≤ δ.(4.12)
This finishes the proof of Claim 4.9. 
Claim 4.10. For k ∈ N, let Σk := CΣ(Ωk). There exist κ ∈ N, F ⊂ Ωκ, and C > 0 such
that for every σ ∈ Σκ there exists s ∈ F such that |OΩ(sσ)| ≤ C.
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Proof of the Claim 4.10. Claim 4.9 implies ‖EL(Σ) ′∩Mt(uλ)‖22 = ‖|OΣ(λ)|−1
∑
µ∈OΣ(λ)
uµ‖22 =
|OΣ(λ)|
−1 ≥ ℓ−1, for all λ ∈ Ω. SinceΩ generates L(Ω), Popa’s intertwining techniques
further imply L(Ω) L(Ω) L(Σ) ′ ∩Mt. Thus, one can find c ∈ P(L(Ω)), d ∈ P(L(Σ) ′ ∩
Mt), w1 ∈ I (L(Ω)), and a ∗-homomorphism α : cL(Ω)c→ d(L(Σ) ′ ∩Mt)d so that
(4.13) α(x)w1 = w1x, for all x ∈ cL(Ω)c.
Letu ′ ∈ U (L(Ω)) and r0 ∈ P(cL(Ω)c) so thatw1 = u ′r0. DenotingbyB = α(cL(Ω)c) ⊂
d(L(Σ) ′∩Mt)d and r1 = u ′r0(u ′)∗ ∈ B ′∩cL(Ω)c, relation (4.13) implies r1L(Ω)r1 = Br1.
Fix 0 < ε < 1. Since Ω = ∪kΩk there exist kε ∈ N and a projection pε ∈ L(Ωkε) so
that
‖pε − r1‖2 ≤ ε.(4.14)
Note that [Σ : Σkε ] < ∞. Then (4.14) together with [B, L(Σkε)] = 0 shows that for
all x ∈ L(Ω) and y ∈ L(Σkε) we have ‖r1xr1y − yr1xr1‖2 ≤ 2ε. Altogether, these
properties show that for every ε > 0 there exists kε ∈ N such that for all x ∈ U (L(Ω))
and y ∈ U (L(Σkε)) we have τ(r1xr1x∗) = ‖r1xr1‖22 ≤ 6ε + Reτ((r1y)∗xr1yx∗). This
further implies that
τ((ar1a
∗)(br1b
∗)) ≤ 6ε + Reτ((a(r1y)∗a∗)(br1yb∗)) for all a, b ∈ U (L(Ω)).(4.15)
Consider a sequenceof convex combinations ξn =
∑kn
i=1 λibir1b
∗
i whichWOT-converges
to EL(Ω) ′∩Mt(r1). Denote by ηn =
∑kn
i=1 λibir1yb
∗
i , and notice that after passing to a sub-
sequence we can assume that ηn WOT-converges to an element y1 ∈ (Mt)1. Inequality
(4.15) implies that τ(ar1a∗ξn) ≤ 6ε + τ(a(r1y)∗a∗ηn) for all n ∈ N and a ∈ U (L(Ω)).
Taking limit over n we get τ(ar1a∗EL(Ω) ′∩Mt(r1)) ≤ 6ε + τ(a(r1y)∗a∗y1) for all a ∈
U (L(Ω)). Since a∗EL(Ω) ′∩Mt(r1) = EL(Ω) ′∩Mt(r1)a∗ the previous inequality gives
‖EL(Ω) ′∩Mt(r1)‖22 = τ(ar1a∗EL(Ω) ′∩Mt(r1)) ≤ 6ε+ Reτ(a(r1y)∗a∗y1), for all a ∈ U (L(Ω)).
(4.16)
Consider a sequence of convex combinations ζn =
∑ln
i=1 µiair1ya
∗
i which WOT-
converges to EL(Ω) ′∩Mt(r1y). Using (4.16) we get ‖EL(Ω) ′∩Mt(r1)‖22 ≤ 6ε+ Reτ(ζ∗ny1) for
all n, whencepassing to the limit overnwehave ‖EL(Ω) ′∩Mt(r1)‖22 ≤ 6ε+Reτ(EL(Ω) ′∩Mt((r1y)∗)y1).
Using the Cauchy-Schwarz inequality and ‖y1‖∞ ≤ 1 this further implies that
(4.17) ‖EL(Ω) ′∩Mt(r1)‖22 ≤ 6ε + ‖EL(Ω) ′∩Mt(r1y)‖2, for all y ∈ U (L(Σkε)).
Using (4.14) and (4.17), for every ε > 0 there exist kε ∈ N and a finite subsetKε ⊂ Ωkε
such that
‖EL(Ω) ′∩Mt(r1)‖22 ≤ 8ε +
∑
s∈Kε
‖EL(Ω) ′∩Mt(usy)‖2, for all y ∈ U (L(Σkε)).(4.18)
We are now ready to prove the claim. Fix ε > 0. Using (4.18) there exist kε ∈ N and
a finite subset Kε ⊂ Ωkε such that for all σ ∈ Σkε we have
(4.19) ‖EL(Ω) ′∩Mt(r1)‖22 ≤ 8ε +
∑
s∈Kε
‖EL(Ω) ′∩Mt(usσ)‖2 = 8ε +
∑
s∈Kε
|OΩ(sσ)|
−1/2.
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Assume by contradiction the claim does not hold; hence, for every k ∈ N, F ∈ Ωk
and C > 0 there exists σ ∈ Σk such that for all s ∈ F we have |OΩ(sσ)| ≥ C. Since
Kε is finite one can find σ ∈ Σkε such that
∑
s∈Kε
|OΩ(sσ)|
−1/2 < ε, by (4.19) we have
‖EL(Ω) ′∩Mt(r1)‖22 ≤ 9ε. As ε > 0 is arbitrary we get r1 = 0which is a contradiction. 
Claim 4.11. There exist R > 0 and a finite index subgroup Θ 6 Σκ, such that Θ ⊆ {λ ∈
Λ : |OΩ(λ)| ≤ R}.
Proof of the Claim 4.11. UsingClaim 4.10 there existD > 0 and a finite cover ∪ri=1Ki = Σκ
such that ∪ifiKi ⊆ {λ ∈ Λ : |OΩ(λ)| ≤ D} where {f1, f2, ..., fr} = F. Using the inequality
|OΩ(vt)| ≤ |OΩ(v)||OΩ(t)| for all t, v ∈ Ω one can find si ∈ Σκ for 1 ≤ i ≤ r such that
∪isiKi ⊆ {λ ∈ Λ : |OΩ(λ)| ≤ D2}. Considering the subgroups Θi = 〈siKi〉 6 Σκ, the
previous relations imply that ∪ri=1Θi ⊆ {λ ∈ Λ : |OΩ(λ)| < ∞} and ∪ri=1s−1i Θi = Σκ.
Thus at least one the subgroupsΘ := Θi 6 Σκ has finite index. Denoting by K˜i = Ki∩Θ
we still have ∪ifiK˜i ⊆ {λ ∈ Λ : |OΩ(λ)| ≤ D} and ∪ri=1K˜i = Θ and as before there exist
ti ∈ Θ so that ∪itiK˜i ⊆ {λ ∈ Λ : |OΩ(λ)| ≤ D2}. Since OΩ(t−1i ) < ∞, the previous
containment shows that Θ ⊆ {λ ∈ Λ : |OΩ(λ)| ≤ R}where R = D2maxi=1,r |OΩ(t−1i )|. 
Claim 4.12. If we denote byΩ ′ = {λ ∈ Λ : |OΩ(λ)| <∞} then Θ 6 Ω ′ has finite index.
Proof of the Claim 4.12. Assume by contradiction that {hi} is a infinite sequence of repre-
sentatives of distinct right cosets ofΩ ′ in Θ. Since Θ 6 Σ and ΩΣ 6 Λ are finite index
and Σ normalizes Ω if follows that ΩΘ 6 Λ is also finite index. Thus passing to an in-
finite subsequence of {hi} one can find λ ∈ Λ and xi ∈ ΩΘ so that hi = xiλ for all i ≥ 1.
Thus hih−11 ∈ ΩΘ for all i ≥ 2. Hence one can find σi ∈ Θ and ωi ∈ Ω ∩Ω ′ so that
hih
−1
1 = σiωi. From construction we have Θωi 6= Θωj for all i 6= j. Since Θ 6 Σ one
can check that |OΩΘ(ωi)| < ∞ for all i and since ΩΘ 6 Λ has finite index we further
have |OΛ(ωi)| <∞ for all i ≥ 2. This however contradicts the fact that Λ is ICC. 
We are now ready to complete the proof of the theorem. Combining Claims 4.8 and
4.12 it follows thatΩ ′∩Ω is a finite group. SinceΩ normalizesΩ ′ andΘ normalizesΩ,
for all σ ∈ Θ,ω ∈ Ω thewordsωσω−1σ−1, σωσ−1ω−1 ∈ Ω ′∩Ω; hence the commutator
[Θ,Ω] 6 Ω ′ ∩Ω. In particular [Θ,Ω] is a finite normal subgroup ofΩΘ. SinceΩΘ has
finite index in Λ and the latter is ICC it follows that [Θ,Ω] = 1. Letting Σ1 := Θ and
Σ2 := Ωwe get our conclusion. 
Remarks 4.13. If in the previous theorem we assume Λ is finitely generated, since [Λ :
ΩΣ] < ∞, it follows that ΩΣ is finitely generated as well. Since from construction we
have that ΩΣk is an increasing tower of subgroups such that ∪kΩΣk = ΩΣ, by finite
generation, there exists ℓ ∈ N such that ΩΣℓ = ΩΣ. Hence Σℓ = CΣ(Ωℓ) is a finite
index subgroup of Σ which commutes with Ωℓ. Thus ΣℓΩℓ has finite index in Λ and
the conclusion of the theorem follows. Therefore in this situation one needs neither the
weak amenability assumption nor the Claims 4.9-4.12. This would be the case if we
assume for instance that the groups Γi’s belong to class Snf and have property (T).
We require one more intermediate result before the proof of Theorem A.
Theorem 4.14. Let Γ1, Γ2, . . . , Γn ∈ Snf which are all weakly amenable. Let Γ = Γ1×Γ2×· · ·×
Γn, and denote by M = L(Γ). Let t > 0 be a scalar and let Λ be an arbitrary discrete group
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such thatMt = L(Λ). Then one can find subgroups Φ1,Φ2 < Λ with Φ1 ×Φ2 = Λ, a scalar
s > 0, a proper subset F ⊂ {1, . . . , n} and a unitary v ∈ U (M) such that vL(Φ1)v∗ = L(ΓF)s
and vL(Φ2)v
∗ = (L(ΓFc))
t/s.
Proof. FromTheorem4.3 there exist commuting, non-amenable, ICC subgroupsΣ1, Σ2 <
Λ such that [Λ : Σ1Σ2] <∞. Fix an integer r > t. Applying [CSU11, Theorem 6.1] there
exist 1 ≤ k ≤ 2 and a smallest 1 ≤ i ≤ n− 1 such that
(1) L(Σk) Mr L(ΓF)r for some F ⊂ {1, . . . , n} with |F| = i; and
(2) L(Σ ′k) Mr L(ΓK)
r ′ , for all integers r ′ ≥ r, all K ⊂ {1, . . . , n} with |K| = i − 1, and
all subgroups Σ ′k 6 Σk with [Σk : Σ
′
k] <∞.
For simplicity we assume throughout the proof that k = 1. Denote byM1 = L(ΓF)
r and
M2 = L(ΓFc)
t/r and notice that Mt = M1⊗¯M2. Proceeding as in the proof of [OP03,
Proposition 12] there exist a scalar µ > 0 and a partial isometry u ∈ I (Mt) satisfying
p = uu∗ ∈M1/µ2 , q = u∗u ∈ L(Σ1) ′ ∩Mt and
(4.20) uL(Σ1)u∗ ⊆Mµ1p.
Consider the group Ω2 = {λ ∈ Λ : |OΣ1(λ)| < ∞}. Since Σ2 6 Ω2 then from above
it follows that [Λ : Ω2Σ1] < ∞. Letting Ω1 = CΣ1(Ω2), it is a straightforward exercise
to see that Ω1,Ω2 < Λ are commuting, non-amenable, ICC subgroups so that [Λ :
Ω1Ω2] < ∞ and [Σ1 : Ω1] < ∞. By construction we have L(Σ1) ′ ∩Mt ⊆ L(Ω2) and
the latter is a II1 factor. Relation (4.20) gives uL(Ω1)u∗ ⊆ Mµ1p. As in the proof of
[OP03, Proposition 12], since L(Ω2) and M
1/µ
2 are factors, then for a large integer m
there exist w1, . . . ,wm ∈ L(Ω2) and u1, . . . , um ∈ M1/µ2 partial isometries satisfying
wiwi
∗ = q ′ ≤ q, ui∗ui = p ′ = uq ′u∗ ≤ p for each 1 ≤ i ≤ m and
∑
jwj
∗wj = 1L(Ω2),∑
j ujuj
∗ = 1
M
1/µ
2
. Combining with the above, one can check v =
∑
j ujuwj ∈ Mt is a
unitary satisfying vL(Ω1)v∗ ⊆Mµ1 . This further implies that
(4.21) v(L(Ω1) ′ ∩Mt)v∗ ⊇M1/µ2 .
Consider the groups Θ2 = {λ ∈ Λ : |OΩ1(λ)| < ∞} and Θ1 = CΩ1(Θ2) and pro-
ceeding as before we have that Θ1, Θ2 < Λ are commuting, non-amenable, ICC sub-
groups such that [Λ : Θ1Θ2] < ∞ and [Σ1 : Θ1] < ∞. Moreover, we have that L(Θ2) ⊇
L(Ω1)
′ ∩Mt whence by (4.21) we have vL(Θ2)v∗ ⊇ M1/µ2 . Since Mt = Mµ1 ⊗¯M1/µ2 by
[G96, TheoremA] we have that vL(Θ2)v∗ = B⊗¯M1/µ2 , where B ⊆Mµ1 is a factor. Thus B
and vL(Θ1)v∗ are commuting subfactors generating a finite index subfactor ofM
µ
1 . Since
L(Θ1) M L(ΓK)
r ′ , for r ′ ≥ r and all K ⊂ {1, . . . , n} with |K| = i − 1 and since vL(Θ1)v∗
is non-amenable, it follows from [CSU11, Theorem 6.1] that B is amenable. Also if we
assume that B is diffuse then by Lemma 4.2 one contradicts the solidity of L(Γi); thus,
B is a completely atomic factor whence B = Mk(C), for some integer k. Altogether,
this shows that vL(Θ2)v∗ = Ms2 where s = k/µ. Since M = M
1/s
1 ⊗¯Ms2 we also have
v(L(Θ2)
′∩M)v∗ = M1/s1 . LetΦ1 = {λ ∈ Λ : |OΘ2(λ)| <∞} and sinceΘ2 is ICC it follows
that Φ1 ∩ Θ2 = 1. By construction we have that vL(Φ1)v∗ ⊇ v(L(Θ2) ′ ∩M)v∗ = M1/s1 ;
hence, using [G96, Theorem A] again we get vL(Φ1)v∗ = A⊗¯v(L(Θ2) ′ ∩M)v∗ for some
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A ⊆ vL(Θ2)v∗. In particular, we have that A = vL(Φ1)v∗ ∩ vL(Θ2)v∗ = vL(Φ1 ∩Θ2)v∗ =
C1. This further implies that vL(Φ1)v∗ = v(L(Θ2) ′ ∩M)v∗ whenceΦ1 and Θ2 are com-
muting, non-amenable subgroups of Λ such that Φ1 ∩ Θ2 = 1, Φ1Θ2 = Λ, vL(Φ1)v∗ =
M
1/s
1 , and vL(Θ2)v
∗ = Ms2. LettingΦ2 = Θ2 we get the desired conclusion. 
Theorem 4.15 (Theorem A). Let Γ1, Γ2, . . . , Γn ∈ Snf be weakly amenable groups with Γ =
Γ1 × Γ2 × · · · × Γn and denote by M = L(Γ). Let t > 0 be a scalar and let Λ be an arbitrary
group such that Mt = L(Λ). Then one can find subgroups Λ1, Λ2, . . . , Λn < Λ with Λ1 ×
Λ2 × · · · × Λn = Λ, scalars ti > 0 with t1t2 · · · tn = t, and a unitary u ∈ U (M) such that
uL(Λi)u
∗ = L(Γi)
ti for all 1 ≤ i ≤ n.
Proof. We proceeding by induction on n. Since n = 2 follows directly from Theorem
4.14 it remains to only show the induction step. So assume the statement is satisfied
for any collection of k ≤ n − 1 groups belonging to Snf. By Theorem 4.14 one can find
subgroupsΛ ′1, Λ
′
2 < Λwith Λ
′
1 ×Λ ′2 = Λ, a scalar s > 0, a proper subset F ⊂ {1, . . . , n},
and a unitary v ∈ U (Mt) such that vL(Λ ′1)v∗ = L(ΓF)s and vL(Λ ′2)v∗ = L(ΓFc)t/s. Since
vL(Λ ′1)v
∗ = L(ΓF)
s then by the induction hypothesis there exist subgroups Λi < Λ ′1,
i ∈ F with ×i∈FΛi = Λ ′1, scalars ti > 0 with Πi∈Fti = s, and u1 ∈ U (L(ΓF)s) such
that u1L(Λi)u∗1 = L(Γi)
ti , for all i ∈ F. Similarly, one can find subgroups Λi < Λ ′2,
i ∈ Fc with ×i∈FcΛi = Λ ′2, scalars ti > 0 with Πi∈Fcti = t/s, and u2 ∈ U (L(ΓFc)t/s)
such that u2L(Λi)u∗2 = L(Γi)
ti , for all i ∈ Fc. Altogether, the previous relations imply
×nj=1Λj = Λ ′1 × Λ ′2 = Λ and Πnj=1tj = (Πi∈Fti)(Πi∈Fcti) = s · t/s = t. Moreover, letting
u = (u1 ⊗ u2)v we get uL(Λi)u∗ = L(Γi)ti for all 1 ≤ i ≤ n, as desired. 
4.1. Remarks on the use of weak amenability. Notice that in the proof of TheoremA
the assumption that the Γi’s are weakly amenable is used only in the proof of Claim 4.8,
class Snf being sufficient for all the other steps of the proof. In fact when we are dealing
with only two groups the weak amenability assumption can be dropped.
Theorem 4.16. Let Γ1, Γ2 ∈ S with Γ = Γ1 × Γ2 and denote by M = L(Γ). Let t > 0 be a
scalar and let Λ be an arbitrary group such that Mt = L(Λ). Then there exist commuting,
non-amenable, ICC subgroups Σ1, Σ2 < Λ such that [Λ : Σ1Σ2] <∞.
Proof. The proof is identical with the proof of Theorem 4.3. Thus we borrow the same
notations and set-up as there. We only include a proof for Claim 4.8 which bypasses the
usage of weak amenability, the rest of the proof following the same arguments. Under
the same notations as in the proof of Theorem 4.3 we show that:
Claim 4.17. Σ ∩Ω is finite.
Let O ′i = Oi ∩ Σ and notice Σ ∩Ω = ∪iO ′i . For each k let Rk = 〈∪i∈IkO ′i〉 and notice
it forms an ascending sequence of normal subgroups of Σ such that ∪kRk = Σ ∩Ω and
[Σ : Σk] < ∞, where Σk = CΣ(Rk). Since Rk ∩ Σk is abelian and [Σ : Σk] < ∞ it follows
that Rk is virtually abelian; thus, Σ ∩Ω is a normal amenable subgroup of Σ.
In the first part of the proof of TheoremA (see Claim 4.4) we have obtained thatQ ⊆
qL(Σ)q is a finite index inclusion of non-amenable II1 factors. Denoting by z = z(q), the
central support of q in L(Σ), we see that L(Σ)z is a non-amenable II1 factor. Moreover
there exists a scalar s > 0 such that (qL(Σ)q)s = L(Σ)z, so Qs ⊆ (qL(Σ)q)s = L(Σ)z
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is a finite index inclusion of non-amenable II1 factors. Perform the basic construction
Qs ⊆ L(Σ)z ⊆ 〈L(Σ)z, eQs〉, and notice that 〈L(Σ)z, eQs〉 = Qµwhereµ = s[qL(Σ)q : Q]2.
To begin we argue that each Rk is finite. Since Ck := Rk ∩ Σk 6 Rk has finite index it
suffices to show that Ck is finite. From construction note that
(4.22) L(Ck) ⊆ Z (L(Σk)) ⊆ L(Σk) ′ ∩ L(Σ).
By passing to a finite index subgroup we can further assume w.l.o.g. that Σk ⊳ Σ is
normal and [Σ : Σk] = r. Fix γ1, γ2, ..., γr ∈ Σ a complete set of representatives for the
cosets of Σk in Σ. One can check the map EZ (L(Σ)) : L(Σk) ′ ∩ L(Σ)→ Z (L(Σ)) given by
EZ (L(Σ))(x) = r
−1
∑
i uγixu
∗
γi
for all x ∈ L(Σk) ′ ∩ L(Σ) is a trace-preserving conditional
expectation satisfying ‖EZ (L(Σ))(x)‖22 ≥ r−1‖x‖22; hence [L(Σk) ′ ∩ L(Σ) : Z (L(Σ))]PP ≤ r.
By Theorem 2.3 (2) we have [L(Σk) ′∩L(Σ)z : Z (L(Σ))z]PP ≤ r and since L(Σ)z is a factor
it follows that L(Σk) ′ ∩ L(Σ)z is finite dimensional. Hence there exists z0 ∈ P(L(Σk) ′ ∩
L(Σ)) so that L(Σk) ′ ∩ L(Σ)z0 = Cz0. Combining with (4.22) we have z0 ∈ P(L(Ck) ′ ∩
L(Σ)) and L(Ck)z0 = Cz0. By functional calculus one can find z1 ∈ P(Z (L(Ck))) so
that L(Ck)z1 = Cz1 and Corollary 2.7 entails Ck is finite.
We nowshowΣ∩Ω is finite. Proceeding by contradiction assume thatΣ∩Ω is infinite
whence L(Σ ∩ Ω)z ⊂ L(Σ)z is a diffuse subalgebra. Also notice that z ∈ Z (L(Σ)) ⊆
L(Σ ∩Ω) and Z (L(Σ)) = z. Let G = {uσz : σ ∈ Σ} ⊂ NL(Σ)z(L(Σ ∩Ω)z). We argue that
the natural action by conjugation G y L(Σ ∩Ω)z is weakly compact. For every n ∈ N
consider the selfadjoint element ξn = |Rk|−1/2
∑
a∈Rk
(uaz) ⊗ (uaz) ∈ L(Rk)z⊗¯L(Rk)z.
Since Rk is normal in Σwe have
(4.23) (uγz)⊗ (uγz)ξn = ξn(uγz)⊗ (uγz), for all γ ∈ Σ.
Also one can check for all a ∈ Rk and l ≥ kwe have (uaz)⊗ (uaz)ξl = ξl. This implies
(4.24) lim
n
‖(uaz)⊗ (uaz)ξn − ξn‖z,2 = 0, for all a ∈ Σ ∩Ω.
Here ‖ · ‖z,2 is the 2-norm induced by the trace τz(y) = τ(yz)τ−1(z) on L(Σ)z, where τ
is the canonical trace on L(Σ).
For all k ∈ N and x ∈ L(Σ)we have the following basic calculations:
〈(xz)⊗ zξk, ξk〉 = |Rk|−1
∑
a,b∈Rk
〈xuaz, ubz〉〈uaz, ubz〉 = |Rk|−1
∑
a,b∈Rk
τ(xuazub−1)τ(zua−1b)
= |Rk|
−1
∑
a,s∈Rk
τ(xuazus−1a−1)τ(zus) = |Rk|
−1
∑
a∈Rk
τ(xuaz(
∑
s∈Rk
τ(zus)u
−1
s )ua−1)
= |Rk|
−1
∑
a∈Rk
τ(xuazEL(Rk)(z)ua−1) = τ(xzEL(Rk)(z)).
Since ∪kRk = Σ ∩Ωwe further have that
(4.25) lim
n
〈(xz)⊗ zξn, ξn〉z = lim
n
τz(xzEL(Rn)(z)) = τz(x), for all x ∈ L(Σ).
A similar computation shows that
(4.26) lim
n
〈z⊗ (xz)ξk, ξk〉z = τz(x), for all x ∈ L(Σ).
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From (4.1) we have Qµ = L(Γ1)t1 with t1 = τ(p)µ, and from above we get that L(Σ)z ⊆
L(Γ1)
t1 is a finite index inclusion of II1 factors. Since Γ1 ∈ Snf then the relations (4.23)-
(4.25) together with the same proof as in [CSU11, Theorem 6.1] show that G ′′ = L(Σ)z
is amenable. However, this contradicts the non-amenability of L(Γ1). Hence Σ ∩ Ω is
finite. 
Theorem 4.18 (Corollary B). Let Γ1, Γ2 ∈ Snf with Γ = Γ1 × Γ2 and denote by M = L(Γ).
Let t > 0 be a scalar and let Λ be an arbitrary group such thatMt = L(Λ). Then one can find
subgroups Λ1, Λ2 < Λ with Λ1 × Λ2 = Λ, a scalar s > 0, a proper subset F ⊂ {1, . . . , n} and
a unitary v ∈ U (M) such that vL(Λ)1v∗ = L(Γ1)s and vL(Λ)2v∗ = L(Γ2)t/s.
Proof. If follows from Theorem 4.16, proceeding as in the proof of Theorem 4.14 
4.2. Von Neumann algebras generated by lattices. In this section we show how the
main result can be used to give new families of examples of ICC discrete groups which
aremeasure equivalent, but whose group vonNeumann algebras are not stably isomor-
phic. The first such examples were constructed by the first author and Ioana [CI11]. We
recall that discrete groups Γ and Λ are said to be measure equivalent if there exists an es-
sentially free action Γ ×Λy (Ω,m) on a standard σ-finite measure space such that the
restriction of the action to each of Γ andΛ admits a Borel fundamental domain of finite
measure. The prototypical examples of measure equivalent discrete groups are pairs
of lattices in semisimple Lie groups: see [Fu99a] for a thorough treatment of measure
equivalence.
In order to establish the result, we will need to make use of a celebrated theorem of
Margulis in order to distinguish the algebraic structure of certain lattices in the same
ambient Lie group. We briefly recall that if G is a semisimple Lie group without com-
pact factors, then a lattice Γ < G is said to be reducible ifG admits semisimple factorsG1
and G2 so that setting Γ1 := Γ ∩ G1 and Γ2 := Γ ∩ G2 we have that Γ1Γ2 is a finite index
subgroup of Γ . For example, a finite product of lattices is a reducible lattice in the prod-
uct of the respective ambient Lie groups. A lattice is irreducible if it is not reducible. For
instance, the natural inclusion ofZ[
√
2] as a lattice inR×R induces an irreducible lattice
inclusion of PSL(2,Z[
√
2]) into PSL(2,R) × PSL(2,R). Note that if a group Γ virtually
decomposes as a direct product of infinite groups, e.g., Γ is a reducible lattice, then Γ
admits an infinite normal subgroup with infinite index. However it is a consequence
of the following famous theorem of Margulis [Ma79, Z84] that irreducible lattices can
admit no direct product decomposition:
Theorem 4.19 (Normal Subgroup Theorem). If Γ < G is an irreducible lattice in a higher-
rank semisimple Lie group Gwith no compact factors then Γ is virtually simple, i.e., any normal
subgroup of Γ is either finite or has finite index in Γ .
Note that by the Borel density theorem, if Γ is a lattice in a semi-simple Lie group with
no compact factors and trivial center, then Γ is ICC, whence if irreducible cannot be
decomposed as any direct product of groups.
The following corollary is a direct application of the Normal Subgroup Theorem to
Theorem A and Corollary B.
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Corollary 4.20 (Corollary C). If Λ is an irreducible lattice in a higher rank semisimple Lie
group, then L(Λ) is neither isomorphic to a factor L(Γ1× Γ2) where Γ1, Γ2 are groups in the class
Snf, nor is it isomorphic to a factor of the form L(Γ1 × · · · × Γn) where each Γi ∈ Snf and is
weakly amenable.
We apply this corollary in the following more specific situation. Let G1, . . . , Gn be
non-compact, real simple Lie groups of rank one with trivial center, and let Γ1, . . . , Γn
be respective lattices. It follows from [CH89] that each Γi is weakly amenable and from
[Oz06] that each Γi belongs to the class Snf. Thus if Λ < G1 × · · · ×G2 is an irreducible
lattice, thenΛ and Γ1×· · ·× Γn are measure equivalent groups whose associated group
factors are not stably isomorphic.
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